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Abstract 
The spectrum of interface phonons is studied theoretically for quantum wells made by using uniaxial materials. 

It is shown that the spectrum features provide information on anisotropy degree of both the quantum well and 

barrier materials. The special properties of charge particle interaction with interface optical phonons are 

predicted. It was found that the interaction is suppressed when the barrier material has strongly anisotropic 

dielectric properties. In the case of weak anisotropy, the interaction is suppressed only at small and very large 

values of the phonon wave vector. However, there is a region of intermediate values of wave vectors in which 

strong electron-phonon interaction is possible. This can lead to the appearance of large-radius polarons. The 

features of such polarons differ from those of the excitations studied earlier. The results obtained expand the 

possibilities of optical diagnostics of the quantum nanostructures. 
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I. INTRODUCTION 

The interaction of charged particles with polar optical phonons can be quite significant in high ionicity 

materials where the electron-phonon interaction constant may exceed the unity. In addition, the appearance of 

new elementary excitations, that are the bound states of charged particles and polar optical phonons, may 

happen even in bulk materials. These are the large-radius polarons [1]. The conditions for polaron creation are 

most favorable for the quantum-dimensional structures. The additional branches of polar optical phonons, 

namely interface phonons, appear in such structures. The manifestation of polaron effects on optical spectra is a 
clear demonstration of the interface phonon influence on optical and transport properties of nanostructures. 
Besides, the effective electron-phonon interaction increases with decreasing the structure dimensionality. The 

polaron creation significantly changes the optical and transport properties of the quantum wells, wires and dots. 

We are aware of the publications in which theoretical studies of large radius polaron in nano-heterostructures 

take into consideration the interaction with only one polar phonon mode [2–5]. This description seems to us 

insufficient. Changes in the phonon spectrum of nanostructures can be very significant. To describe adequately 

the polaron states, it is necessary to take into account the interaction of charge particles with all phonon 

branches of the spectrum. 

 

II. RESULTS AND DISCUSSION 
In this paper the theory of charged particle interaction with interface optical phonons is developed for 

quantum wells based on uniaxial symmetry materials. In order to compare the results obtained, we start with the 
problem of polarons in quantum wells based on the cubic symmetry materials. To understand the role of 

interaction with the branches of interface phonons consider the case of complete localization of the electron 

within a quantum well. In this case, the interaction of the electron with phonons of barrier material may be 

neglected. But at the same time, the barrier effect is very important. It is determined by the structure and 

features of interface phonon spectrum. To determine the properties of interface phonons, we apply the 

continuum model proposed in [6]. The spectrum of the symmetric mode of interface phonons is determined 

from the solution of the following equation: 

( ) ( ) 0
2

w ell b a rq l
th

 
      

 

.    (1) 

Here l is the quantum well characteristic size, q is two-dimensional wave vector. ( )
w e ll

  , ( )
b a r

   are the 

dielectric functions of the quantum well and barriers, respectively. The dielectric function in the region of 

phonon frequencies is defined by the expression: 
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  

,     (2) 

where L O , T O  are the frequencies of longitudinal and transverse optical phonons, respectively   is the 

high-frequency dielectric constant. The equation Eq. (2) means that the approximation of dispersion less modes 

for bulk optical phonons has been used. In this approximation interface and bulk phonon modes we can consider 

independently [7,8]. The contributions of interface phonon antisymmetric modes vanish when the Hamiltonian 

is averaged over the wave function of an electron localized in a symmetric quantum well. The amplification of 

the electron-phonon interaction occurs in fairly narrow quantum wells having a width l that is less than the 

polaron radius 0 : 

0l   .       (3) 

 It is this quantity from Eq. (3) on which the adiabatic approximation is based. If the inequality (3) 

holds, the electron wave function ( )
e l

m r  can be represented as a product: 

( ) ( ) ( )
e l

m m m lz   r r ,     (4) 

Here ( )m z  is the wave function of transverse motion which is determined by the quantum well potential, lr  is 

the two–dimensional plane well coordinate, ( )m l r  is the two-dimensional wave function which is determined 

by electron localization in a self-consistent quantum well created by polar optical phonons. 

The polaron binding energy in the quantum well we have obtained in [8]. It has the form: 

 

4

2
2

0 .4
e l e
p o l

b a r

o p t

m e
E  



,     (5) 

where b a r

o p t  from expression 

0

1 1 1

b a r b a r b a r

o p t 

 

  

 is the optical dielectric function of the barrier material. 

Some corrections to the polaron binding energy (5) can be obtained if we take the next order in the 

parameter (3). We get: 

 

0

0 .0 7
e l

p o l p o l V Se l

l
E E D D  



,    (6) 

The dimensionless parameters VD  and SD  are determined by the complex combinations of the phonon 

frequencies in the quantum well and barrier materials and are found in [8]. It turns out that the corrections to the 

polaron binding energy are related to the interaction with both bulk and interface phonons. These corrections 
may have different signs [8]. The value of total binding energy depends essentially on the dielectric properties 

of both the quantum well and the barrier materials. The main contribution to the polaron binding energy 

coincides with our result obtained in [9] by dint of approximate method for the phonon field calculations. But it 

is impossible to accurately incorporate the corrections using this method. To define the quantity p o lE  from 

Eq. (6) we should take into consideration the quantum well phonon spectrum. 

The electron polaron radius 0

e l
  turns out to be equal to: 

2

0 2

b a r

o p te l

em e


  .      (7) 

A similar analysis can be carried out for the hole polaron. By analogy with Eq. (5), the main contribution to its 

binding energy is written as: 

 

4

2
2

0 .4
h h
p o l

b a r

o p t

m e
E  



.     (8) 

For most semiconductors the hole mass hm  is much larger than the electron one e lm . Consequently, the 

binding energy of the hole polaron from Eq. (8) is much larger than the value obtained from Eq. (5). And the 

region of localization for the hole polaron 0

h
  is smaller than that for the electron polaron 0

e l
 : 

0 0 0

h e l e le l

h

m

m
     .     (9) 
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The inequality (9) plays an important role in the polaron exciton theory. The exciton interaction with 

optical phonons has a number of specific features. The electron and hole create the medium polarization which 

compensates each other partially. This compensation essentially depends on the ratio of the electron 0

e l
 , hole 

0

h
  and exciton 0

e x
  polaron radii. The influence of the barrier dielectric properties on the exciton state here 

must be taken into consideration for narrow quantum well case. 

The main contribution to polaron exciton binding energy is caused by the hole localization in the 

polaron potential well and is determined by hole polaron radius 0

h
 . The polarization pruduced by the electron 

compensates partially the hole polarization. The radius of quasi-two-dimensional exciton 0

e x
  similar to Eq.(7) 

and with considering Eq. (9) has the form: 

2

0
0 2

b a r
e x

e


 



,     (10) 

where   is the electron – hole reduced mass. It is seen from (7), (9) and (10) that the electron polaron radius 

always exceeds the exciton one: 0 0

e l e x
   . If the inequality 0 0

h e x
  

 
holds, the polarizations created by the 

electron and by the hole are compensated. Usually in this situation the condition of strong coupling exciton with 

phonons is not implemented. 

 In the opposite case when 

0 0

h e x
   ,     (11) 

the strong exciton-phonon interaction can be realized. 

Taking into consideration Eq. (11) and only main contributions to the parameter from Eq. (3), one can 

obtain the polaron exciton binding energy as: 

   

4 4

2 2
2 2

0 .4 2
h e l

e x
b a r b a r

o p t

m e m e
E



 

 

.   (12) 

Compared to the first one, the second term in Eq. (12) is small in parameter / 1el hm m . We can see from Eq. 

(12) that the strong coupling possibility for the exciton and optical phonons depends on parameters of both the 

quantum well and barrier materials. The polaron exciton formation requires a significant difference between the 

electron and hole effective masses in the quantum well. Moreover, the barriers must be made of high ionicity 

materials. If so, the polarization properties of the quantum well material do not play a significant role. 

The heterovalent II-VI/III-V quantum wells are more promising target for the experimental study of 

polaron effects in the case of strong electron-phonon interaction. The growth technologies have been developing 

successfully in recent times [10]. In quantum wells produced using II-VI compounds, the interaction of charged 

particles and excitons with optical phonons can be strong. In the III-V compounds, the effective masses of the 

carriers within the quantum well are small. The barrier optical dielectric function for II-VI materials is also 

rather small. The values of the polaron and exciton radii in quantum wells can increase by a factor of two to 

three compared with them for II-VI compounds. The exciton radius 0

e x
  from Eq. (10) is in the range 50 100  

Å. The electron polaron radius 0

e l
  from Eq. (7) falls within the range 70 200    Å and hole polaron one 0

h
  

from Eq. (9) is approximately 20 50   Å. Thereby, a quasi-two-dimensional polaron in heterovalent quantum 

wells can be observed for the well widths 50l   Å. Quantum wells of more complex configuration (for 

example, I-VII/III-V) can also become a promising object for the polaron effect study provided if the strong 

electron-phonon interaction takes place. 

 In our previous articles [8, 11] we looked at the problems when both the quantum well and barriers are 

made of cubic symmetry materials. Many of hetero-structures based on II–VI compounds which have lower 
symmetry, for example, hexagonal. This may dramatically change the character of the phonon spectrum. 

Therefore, the results obtained in the framework of the cubic approximation turn out to be inapplicable. So, the 

application of the cubic approximation to ZnO/ZnMgO quantum well [12] led to substantial discrepancy 

between the theoretical estimates and the experimental data. 

Let us now consider what will change for quantum wells based on materials with uniaxial symmetry. In 

this case, the optical axis of the hexagonal material is directed perpendicular to the quantum well plane. Such 

nanostructures are currently being investigated experimentally [13, 14]. In these structures, the conditions of 

strong electron-phonon interaction can be realized. 

The interface optical phonon spectrum can be found using the procedure proposed in [6]. In the region 

of phonon frequencies, the dielectric function of the crystal is represented by Eq.(2). For uniaxial materials in 
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the chosen geometry, the dielectric tensor has a diagonal form. In this case, the xy plane coincides with the 

quantum well plane and ( ) ( ) ( )xx yy t        . The direction of the z-axis coincides with the optical axis one 

and for it ( ) ( ) ( )zz l t        . When both the quantum well and the barriers, which are assumed to be 

symmetric, are made of uniaxial materials, then, taking into account (1), we obtain equations for the spectrum of 

interface phonons for the symmetric mode in the following form: 

( ) ( ) ( ) ( ) ( )
2

b a r b a r w ell w e ll w e ll

l l

q a
th

 
            

 

.   (13) 

For the antisymmetric mode we obtain: 

( ) ( ) ( ) ( ) ( )
2

b a r b a r w ell w ell w ell

l l

q a
c th

 
            

 

.   (14) 

The dimensionless coefficients ( )
b a r

  , ( )
w e ll

   are equal to ( ) ( ) / ( )
bar bar bar

t l        and 

( ) ( ) / ( )
w ell w ell w ell

t l        and vary from zero to infinity. 

The equations (13) and (14) have solutions in the frequency ranges where ( )
b a r

t   and ( )
w e ll

t   have 

different signs, and pairs of quantities ( )
b a r

t  , ( )
b a r

l   and ( )
w e ll

t  , ( )
w e ll

l   have the same signs. In the 

general case, there are two solutions for each of equations (13) and (14) that satisfy these conditions. For 

definiteness, we will assume that the following relations hold in both the well and the barriers: , ,L O t L O l  

and , ,T O t T O l   . We assume that the phonon frequencies of the materials of quantum well and barriers do not 

overlap. In this case, Eqs. (13) and (14) have the following pairs of solutions. The first of them turns out to be in 

the region of the phonon frequencies of the barriers. Accordingly, the second pair of solutions turns out to be in 

the region of phonon frequencies of the quantum well material. 

 In the situation where the well (or barriers) are made of materials of cubic symmetry, Eqs. (13) and (14) 

are somewhat simplified. In this case, it is necessary to substitute to these expressions ( ) ( ) 1
b a r w e ll

      . 

The spectrum of interface optical phonons is shown in Figure 1 for the case of weak phonon anisotropy. 

For the dependences shown in the figure, the following model frequency ratios were used in the calculations: 

, ,1 .0 5T O t T O l  
; , ,1 .8  L O l T O l  

; , ,1 .8 5L O t T O l  
. 

For the case of strong phonon anisotropy, the spectrum of interface phonons is shown in Figure 2 and 

the frequency ratios are , ,1 .3 5T O t T O l   ; , ,1 .6  L O l T O l   ; , ,1 .8L O t T O l   . In Figure 1 and Figure 2, for 

comparison, the dashed lines represent the spectrum in the cubic approximation when ( ) ( ) 1
b a r w e ll

       

and the average frequency values were used for the materials of the quantum well and barriers. 

Note that the ranges of possible values of the interface phonon frequencies turned out to be somewhat 

narrower than in the case of heterostructures based on cubic materials. The use of the cubic approximation for 

any method of averaging phonon frequencies gives not quite accurate results even for the spectrum of interface 

phonons. These discrepancies increase with an increase in the degree of phonon anisotropy of the materials 

used. Thus, the study of the spectrum of interface phonons makes it possible to independently determine the 

dielectric parameters of bulk materials used in the quantum well fabrication. 

The differences between the quantum wells based on cubic and hexagonal materials turn out to be more 

significant when studying the electron-phonon interaction. 
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Figure 1: Spectrum of Interface Phonons in the Case of Weak Phonon Anisotropy. 1 -symmetric, 2 - 

antisymmetric mode for uniaxial material; 3 - symmetric, 4 - antisymmetric mode for cubic material. 

 
Figure 2: Spectrum of Interface Phonons in the Case of Strong Phonon Anisotropy. 1 -symmetric, 2 - 

antisymmetric mode for uniaxial material; 3 - symmetric, 4 - antisymmetric mode for cubic material. 
The potential of electron-phonon interaction is obtained according to the scheme proposed in [6], 

taking into account the lower symmetry of the dielectric constant of the materials of the well and barriers. The 

coefficients ( )
b a r

   and ( )
w e ll

   included in the expression for the electron-phonon interaction, which we do 

not present here because of its bulkiness, vary from zero to infinity with, as a rule, a small change in frequencies 

(from ,

b a r

L O l to ,

b a r

L O t and in other similar frequency intervals). Therefore, the frequency dependence for the 
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parameters of the electron-phonon interaction turns out to be very strong. The presence of even a small 

anisotropy leads to the qualitative change in the nature of the electron-phonon interaction. It turns out that the 

most significant effect is associated with the anisotropy of the barrier material. 

Two qualitatively different situations can be distinguished, depending on the ratio of the parameters 

determining the dielectric anisotropy of the barriers. To estimate the measure of anisotropy, it is convenient to 

take a parameter b equal to 

2 2

, ,

2

,

L O l L O t

L O l

b

  





.     (15) 

The interaction of charged particles with interface optical phonons turns out to be weak if the parameter b is 

large enough (of the order of unity). According to Figure 2, the spectrum of interface phonons differs greatly 

from the results obtained in the cubic approximation. In this case, the electron-phonon interaction can be taken 

into account according to the perturbation theory. The formation of the large-radius polarons does not occur in 

this situation. To take into account the electron–phonon interaction correctly, in addition to the interface 

phonons, it is also necessary to take into account other types of excitations, namely, phonons localized in the 

quantum well [15] and extraordinary phonons [16]. 

 We have another case for weak anisotropy of the phonon spectrum, when the parameter b from 

expression (15) turns out to be small ( 1b ). For the majority of II-VI compounds, this value of the parameter 

b is realized. In this case, there is an interval of values of the phonon wave vector q , in which 

1b q a  .     (16) 

In such interval, the interaction of charged particles with interface optical phonons turns out to be parametrically 

large in comparison with the interaction with other branches of the phonon spectrum. When Eq. (16) is satisfied, 
the main contribution to the electron-phonon interaction is reduced to the two-dimensional interaction of the 

Frohlich type, with the interaction constant equal to 
1/ 2

2
2 1

2

w ell b a r

F b a r b a r

o p t

e m
A

 
  

 
  

.   (17) 

The difference between the longitudinal and transverse parameters of the barriers can be neglected here. It 

should be noted that the effective coupling constant 
FA  depends on both the parameters of the quantum well 

and the barriers. Therefore, it turns out to be a characteristic of the structure, and not of any one specific 

material. The main difference of these structures from those fabricated using materials of cubic symmetry is that 

the region of existence of Frohlich-type interaction is limited in terms of the wave vector values, not only from 

above but also from below. The strong electron-phonon interaction is possible at 1FA   and weak one if 

1FA   is realized. In the case of the strong interaction, large-radius polarons should appear in the quantum 

well, which represent the bound state of a charged particle and interface optical phonons. The radius of the 

polaron state is defined by Eqs.(7,9). We emphasize that m is the mass of charge particle within the quantum 

well. The appearance of polaron states in the structure is possible only if the polaron radius 
0  satisfies the 

relation in which the condition from Eq. (16) is taken into account: 

0

1
a

b 


.      (18) 

 

III. CONCLUSIONS 
It was shown that the interaction of charge particles with interface optical phonons depends on the 

phonon spectrum anisotropy. With strong anisotropy degree, the interaction turns out to be significantly less 

than one in similar structures made of cubic symmetry materials. In the case of weak phonon anisotropy, 

conditions are found under which the interaction of charged particles with optical phonons can be described by 

the coupling constant of the Fröhlich type. It turns out that both weak and strong electron-phonon interaction 
can be realized in various structures. Our results expand the possibilities for optical diagnostics of quantum 

nanostructures by non-destructive optical methods. The results obtained also demonstrate that the study of 

interface optical phonon spectrum allows us to determine the parameters of bulk materials used in the 

nanostructure fabrication. 
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