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Abstract

In this paper we formulate Stein—minimax type estimators and compare the performance properties in case of
actual value predictions. When, the model is estimated by ordinary least squares, it has been found that least
squares predicted is unbiased while minimax and Stein-minimax predictors are not unbiased. The superiority
conditions of the estimators have been derived by assuming error distribution to be non-normal.

Keywords: Linear regression model, minimax estimator, Stein-minimax estimator, Actual value prediction.

Date of Submission: 13-07-2026 Date of Acceptance: 24-07-2026

I. INTRODUCTION

Prediction is an important aspect of relationship analysis in any scientific study. It not only reflects the
adequacy of underlying model but also assist in making a suitable choice among the competing models. In the
context of linear regression models, the predictions are traditionally obtained either for the average values or for
the actual values of the study variable.

Section 3.2, describes the model specification and the predictors. Section 3.3, deals with the properties
of the estimators. We whereas in Section 3.4 we have derived the expression for the prediction of actual and
mean value of the have derived the expression for the prediction of actual value of the study variable for
minimax and Stein-minimax estimator separately and their results are presented in the form of theorems in
Section -4. In section-5, the comparative studies have been made. Proofs of the theorems are given in section-6.

I Model Specification and Estimators
Let the true linear regression model is

Y =XpB+ou, 2.1
where Y is a (n x1) vector of n observations on the variables to be explained, X is a (nxp) matrix of n
observations on p explanatory variables, ﬂ isa ( p X 1) vector of regression coefficients, G being unknown

scalar and u is a (n X 1) vector of disturbances with mean zero, variance unity and measures of skewness and

kurtosis are ¥, and (Y, +3) respectively.
Application of least squares to (2.1) yield the ordinary least squares estimator as

-1
b,=(X'x)" xv . 2.2)
which is well known to be the best linear unbiased estimator of 3, having variance- co-variance matrix.
-1
V(b,)=0c?(X'X)". 2.3)

The Stein rule estimator of the regression co-efficient from (2.1) is given by
!

| g =48, (Y - XB, )
: b X Xb,
where K is any positive non-stochastic scalar characterizing the estimation.
The MILE proposed by Kuks and Olman (1971, 1972) and Kuks (1972) is
b"=D'X'W'Y. 2.5)

b,. (2.4)
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where

D=(a"'c*T+C). (2.6)
Using above defined quantities, we obtain minimax estimator

« 1 o)l _ T 1 o)l T _ 1)\
b =pro XWX X W u-c (X Wx) p-ot —x W (X x)
o o
2.7)

The Stein-minimax regression coefficient of [} is obtained by interchanging b, by b"in (2.4) and is given by

e r=x0) (Y =xb7)
: b'X'Xb’

*

b b 2.8)

Using above defined quantities, we obtain Stein—minimax estimator

) . T o u'Bu

b =B+ XWXV XWiu-c* —(X'W'X) g+ K——""_

= prolrwix) Locwx) pex )
u'Bu

- a{z XWulXxw ' x2)+K (xw x)' Xx'Wu

o BX'XpB
X 'upf 5 u'Bu
LB X' XB B X' XB

+ %K B [(XIX)’1 _ (XIW-IX)’z] ,[)’leu.,B}

4 '
+—2 K UB, v ﬂ(X’WIX.X’U—ZZ ,6”X’Xﬂj+i.
BXXB| BXXS a BXXS

{ ,B'X'u[u BulX W X) XW s 2 ﬂ’((X’X)" ~(xwx) X uﬁ)j}
(94

(24

A ewxy {ﬂ(Tu'Bu B xewx) (xx ) j}
o
w2k p Xy - (xw XV v xw ). (2.9)

The Predictors
To study the performance properties of these estimators for prediction purposes, let us postulate the following
prediction vectors.

b =Xb". (2.10)
Tb. = Xb. 2.11)

* * .
where b, b are defined earlier.

s *

III. Properties of Estimators
In order to study the properties of the estimator, we observe that the exact expressions for the bias
vectors mean squared error matrices and risk functions of the least squares estimators from model (2.1) can be
easily obtained. However, it is not so with the minimax linear estimator. Therefore, in order to derive the
expressions for the bias vectors, mean squared error matrices and risk functions, we introduce the following
notations:

P, =X(X'X)"' X, (3.1)

M=1-P,. (3.2)
Here it is easily seen that

M=M" M'M=M,

MX'=XM=0
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Substituting (2.1) in (2.2), we observe that ba is an unbiased estimator of § with variance — covariance matrix

as

v(b,)=E@®, - B) b, -B)

=
=0°Py. 3.3)
5 -1
where Py =| 1-X(xx)' x|
The distributional assumption regarding the disturbances does not have any effect on the properties of least
squares estimator. Clearly, the minimax estimator and Stein-minimax estimator is a biased estimator.

IV. Predictions
In this section, we have considered prediction of actual value and mean value of the study variable separately.

Actual Value Prediction
To study the impact on the prediction of actual value of the study variable, let us first consider the predictor Y
based on Ordinary Least Squares (OLS).

T =Xb,. (4.1)

where b, is defined in (2.2),
It is easy to see that,

E|f, T |= E[XB+ oPXu — XB - ou]=0. (42)

So, the predictors based on OLS from the model are unbiased. But the predictors based on minimax and Stein-
minimax estimator from the model are biased. The predictive variable associated with them are given by

!
A A A )
pv(i)=E(F -7) (7 -T)=c(n-p) . 43)
For the predictors based on minimax and Stein-minimax estimator, we have the following results.
Theorem 4.1: When disturbance are small, the bias vector and predictive risk of predictor Tb" up to the order

of our approximation 0(04 )are given by

pB({b’ )= N X(xwx)'p. (4.4)
o
PR(Tb" )=c2(n—p) + o' 1—? (X'WX) 7 BXXB. “5)

Theorem 4.2: When disturbance are small the bias vector and predictive risk of predictor Tb: up to the order of

our approximation 0(c*) are given by

A Z RN K
PB(7b])=-c L{X(X'W X) B+ s ﬂz‘r(B)}

K OV o
_G{MX(XW X)'XW ¥ Ble+ ot [- 2Ky, *B)e]}.

(4.6)
PR(Tb! )= 0> (n— p)- o*[4K {y,(I, * B) + trB + 2B}

2K 1 T
— B (I *B)+uB+2BY+2K(XxW X)) B
[/ 2
70; 2T (xwx)' pxxp +%{72tr3(ln * B) + tr(B).B + 2ttB)]

+

4.7)
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From (4.4) and (4.5), it is clearly seen that both the predictors 7 b and Tb: are biased. This is in contrast

with the unbiasedness of T

V. Comparison

* On comparing the risk associated with ordinary least square estimator (To) and minimax estimator (T,: )
respectively, we observe that
. -~ . * T ,T
Risk(F, ) Risk(1] ) = -o*

aZ

(xwx) gxxp. (5.1)

By observing the above expression, we find that T is more efficient than T; in case of actual value prediction.

A

* On comparing the risk associated with ordinary least square estimator (To) and Stein-minimax estimator

(Tb: ) respectively, we observe that
Risk (7, ) Risk(Tb! )= o* {AK{(I, * B)+ trB + 2B)

+ %{yz (I *B)+uB+2B)

~2k L (xw x) s - (vw o x ) pxs
o o
2

- % {r,trB(I, * B)+tr(B).B+2trB}}.  (52)

By observing the above expression, we find that Stein-minimax estimator is more efficient than ordinary least
square estimator so long as ¥, and /3 have same sign otherwise reverse hold true. If either 7, = 0 or ﬁyl =1

then both the estimator have same risk. We find that Stein minimax (Tb:) dominate the OLS (To) with

respect to risk criterion if K satisfies.

0<K< a{{ﬁ(yz(ln *B)+trB+2B)—4(y,(I, * B)+trB+2B)

= 2% (xwxY' trBﬂ{ﬂ,X—l,Xﬂ (7,0rB(I, * B)+tr(B).B + 2er)}

(5.3)

*

* On comparing the risk associated with minimax estimator (Tb ) and Stein-minimax (Tb: ), we observe that

Risk(T} )- Risk(7b! )= o* [4K (, (1, * B)+ trB + 2B)

2K T
+m(72 (I, *B)+uB+2B)-2K(XW "' X) ltrB.;
2

— m (y,trB(I, * B)+tr(B).B + 2trB)} L (54

* *

Hence, we find that (Tb )is more efficient than (Tb ) with respect to risk criterion if K satisfies.

S

0<K<o' { (7,(I,* B)+trB+2B)+4(y, (I, *B)+trB+2B)j

BXXp
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—ZE(X'WIX)_IWB} {a“{ ! (;/ZtrB(In*B)+tr(B).B+2trB)ﬂ . (5.9

a BXXp

VI. Proof of the Theorems

Theorem 4.1:

Where,

Using (2.7), we get

T, =XB +on, +o’n, +o°n,. (6.1)

m=XXwW X)) XW (6.2)

m, :—IX(X’W*IX)’IB, 6.3)
o
T o )2 5

7r3=——X(X’W X) XWu, (6.4)
a

Now, subtract (2.1) from (6.1), we get

where

A

* * 2 3
T, -Y=orn, +o°n, +0°n,. (6.5)

7= —u[l ~x(xwix) xw J

m, and T, are defined previously as (6.3) and (6.4) respectively. The predictive bias of T,: for actual value

prediction given as (4.4) in the expression (4.1) can be obtained from

where

pB(f; )=E[T; - Y|
ZGE[TCT]-F GZE[EZ]+G3E[1'C3]. (6.6)

Elz )= -Elul - x(xw x)' xw)|=o0.
E[r,]= —EE X(x'wx)" B} - —%X(X’WIX)I B.

E[r,]= —EE X(X’W"X)ZX’W“u} =0.

Next we observe that

E {7{1*

E l:ﬂ'l

E[@

’7[1*} =FEu'u —u'X(X'W‘lX)le’W—lu —UIW_IX(X'W_IX)AX'M
ruw x(xwx) x x(xwx)’ X'Wflu]
- xfew ) e —w e ) e e )
ew ) |

'nz} = EFM'X(X*W“X)1 p—uw x(xw x)' L x(xwx)' ,B} = 0.
(04 (04

T!

'z} = E{z Bxw X)) xXu' -—

glxwx) xx(xwx)' X'W"u} =0.
(04 (04
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E[ﬂf‘ '4 = EFu’X Cow - x ) xwu—ww x(xew x ) x L x(xw x)? XWlu}
a o

- F x(ewx Y xw - L x(ew- x ) X’X(X'WIX)ZX'Wl}
(24 o

Elzix = E[Zu’W“X(X’W"X)_Z xu- L x(ew - x Vo xx (ow-x ) X'W"u}
(04 (94
{Z’ wox(ew - x) x - wox (xew - x)? X'X(X'W‘X)IX’Wl}
o o

2
aZ

E[ﬂ 'nz] - E{T T pxwx) xx(xw x)' ﬂ},
- E—zT B(xw X)X X(XWX) B,
Using these expressions in
PR(T; )=E(f; - Y)’ (t -v).
=02E(n:'n;‘j + 63(n;'n2 . nz'njj . 64[n;’n3 in n;nf} @)
We get the predictive risk up to order 0(64 )of our approximation as stated (4.5) in Theorem (4.1).

Using (2.9) in the Expression (2.11), we observe that

Tb! =XB + 06, +5°0, +5°0, +c'0,. 6.8)
where,

6, =x(xw'x)' xwu. 6.9)
T . 'B

0,=— —x(xW'X)' p+K——"_XxpB|. (6.10)
L« BXXP

0, = L xw xulxw x )+ kB x(xwox) xwus 2K g
| a X'X[ a

2| TX up DY u'Bu
BXXB T BXXB
Xﬂ(X’W‘IX.X’u L ,b”X’X,[)’j
(04

X[(X'X)‘1 ~(xwx) ﬂ’X'u.Xﬂ} . 6.11)

0, - 1 {K u'Bu
BXXB| BXXSB
- wBu( XWX )XW
! ﬁ,‘X,uX 2 -1 -2
BXXp +—Xﬁ’[(X’X) ~(xwx) ]TX'u,B
94

+

K oewox)! {Xﬂ(Tu 'Bu - % (xwx)" (xx) j ﬂ}

(24
+ 2Kﬂ'{()(’)()‘l ~(xwx)? }TX’u'.XX'W’lu]. (6.12)
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Now subtract (2.1) from (6.8), we get

T,, - Y=00, +5°0, +5°0, +c"0,. (6.13)
where (91 Z—[I—X(X'W 1)(') xXw }/,
and 0,,0; and 0, are defined previously as (6.10), (6.11) and (6.12) respectively. The predictive bias of Tb:

for actual value prediction given as (4.6) in Theorem 4.2 can be obtained from

PB(Tb*)_E[Tb* -

[ ]+G E[6 +03E[6 ]+ c*E[0,]. (6.14)
E[H]—— (- x(xwx)" xwh]=0. (6.15)
T Lo u'Bu
E[Hz]:—E{;X(X’W x)' ﬁ+K,[;"X’X,[>’ Xﬁ}
T r o) K
_ {; x(xwx) 'B+,B’X’Xﬁ X,[)’tr(B)}. (6.16)

E[03]= _E{ZXWIXH(X,WIX)_Z +K uBu X(X!W—lX)—lX,Wflu
« BXXS
2K B a2 | IX up u'Bu
= AX|XXx) - xwlx K X
+ a p [( ) ( ) ]m ,BXX,B'B Ig}
K N o
_ {,B’X’X,B X(xw XY xwy (1% Ble— 2Ky, (1, *B)e}, 617
‘ BXXB | pYXp -
2K u'Bulxw - X)X W
+ ! ﬂX'uX 2 - .
] G IR
a

A oewox ) {Xﬁ(Tu Bu-Y. ((X’W"X)_l (xx) )ﬁj}
o (04
F2KBYXX) = (X X)X XX W ),
1
i PR

{K.)/l (I, *B)eXBXW ' X.X'-2K T tr(B)

ﬂXX,B (I, *B)+tr(B)+ 2B\ XWX ) XxW"

e —

F2BXX) T — (XWX TXOX X W (6.18)

Next we observe that,

E(@f"efj = Epu—u'X(XWX) XW u—u'uw  X(XW X)X
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X (xw x ) x x (xew o x Y xw )|
- x(ew X)W Xw X)X WO XEW X)X X
(xew )" xx(xw ) xw |
u'Bu
El66,|=E {;uX(X’W 'X)' B+ K TP
T

“x(xwx) g—uw x(xwix)'x

(6.19)

W x(xwox) x

KB Xﬁ}

PXXp

K * B _ % -1 -1 v Y! v
_ {m (1 *Bexp —ﬂXXﬂ 7L, *B)ew x(xwx) XXﬁ}.

(6.20)

E[@f 93] B L xw X (XWX )+ KB x (oow ) xw
a LXXp

+ 2—Ku'ﬁf’)((()(')()‘1 - (X'W’lX)_Z) IXUuf ) wBu
a BXXB T BXXB

- F xwx(xw'x)’ +K
a

u'BXuXp|.

1 %k
VooT, [y,(1, * B)r(B) +2B].
v Y v L 2K Y (e -l ) TX'B
X(xw-x)' xw £ X((XX) (x'W'x) )B’X'XB
~2K(y,(1, * B)+tr(B) +2B)].
,_L’,,,lq,z - u'Buz
E[@zez]—E{aﬂ(XW X) XaX( wx)' B+ K e

(6.21)

Bxw x) xxp+ Kﬂ”B” BX' = X(X’W 'X)' B
(u'Bu)’
K2 ! V
(ﬂXXﬁ gy }

T ew x) pxxp + K.
(04

T e
S ,ﬂtrB a(X’W 'X)' BXXp

T -1
K. rB.—(XW'X) BXX
g B W X)X

K
tr(B)(I, * B)+ tr(B).B + 2trB

_IT (e x )2 ﬂ'X’X,B+K(£+Z

(04 o (04

jtrB(X'W“X)I

2

K %k
+ BXXB [y,tr(B)(I, * B) + tr(B).B +2trB)|. (6.22)
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wBu_ g x(xewx ) x
BXXB"
Xwx)?

u'Bu
- X' uu'XB
)Yﬁ K oo P
T/

e xCow x ) x (e xw - kLB
a BXXp
(xew x ) xx(xw ' x)' xw'u
2K BT eyt (xw
a BXXp
MBM ' tryr—1 R T ]
Ve BXuXpX(X W XV XW u}
T!

xwx(xwx)”T +K.
a BXXp
2K pXT
a B'X'XP

Eloior = E{—u’X’W X(xw X u+K

L 2K PuXT’ u(()(')()’1
a PXXp

2

u'Ww'x

) xpx (ew o x ) xw )

+2K

{r,(I, *B)+tr(B)+2B)}.

wlx(xw x) x+ ((X'X)‘1 - (x'wx)? X’B)

(y,(I, *B)+tr(B)+2B)BX'Xp

K. !

BXXp
T ew i (xew X)X (xwX) Xw
(09

1
BXXB
(xw-x) xw -

(7,(1,* B)+ (B + 2BW ' X (XWX ) X'X.

2K PXXP

© pxxp ((X'X)*1 ~(x'wx)” )X(X'W—‘X)‘1 X'W

(7,(1, * B)+tr(B)rB)B'X XBX(Xx W X ) X'W .

P
BXXP

[ Zxw x(xwx)* P

o BX'XB

wix(xw'x)' x' +2—KT((X'X)‘l —(X'W—‘X)’z)
(04

(7,(I, *B)+tr(B)+2B).

“2K(y, (1, *B)+ tr(B) + 2B) - xw x(x W X)* X.
(94

(xwx ) xw KﬂXlXﬂ(;/z(I *B)+rB+2BW  X(XW ' x )",
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xx (ew Y aew - 2p(xex) - (ewx)? Rxew ) xew
o

+2K(y,(I, *B)+ B+ 2B)X(x W' x ) xW™]. (6.23)

Using these above expression, we get

PR(Tb; )= E(fb: — Y) (fb: — v).

_ GZE(e’; e’;j v G3E(e’; 0, + e;e;j + G4E[e’; 0,400 +0’ ezj. (624

We get the prediction risk up to order 0(04 )of our approximation as stated in (4.7) in Theorem (4.2).
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