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Abstract:

In this paper a theorem on |N,p%; 8|, summability factors, which generalizes a theorem of Hikmet Seyhan
Ozarslan [2] on |N,p&|, summability factors, is proved.
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1. Introduction

Let ), a, be a given infinite series with partial sums (s, ) and let (p,,) be a sequence with p, > 0, p,, = 0 for
n> 0and B, = Y7—, py- We define

n n
pE= ) ALipBE = ) pE (PG =pS = 0,02 1)
v=0 v=0

where

(a+D(a+2)(a+3)(a+n)
n!

€= 1; A% = J(a>-1,n=123,..).

The sequence-to-sequence transformation

1 n
U = ) P,
v=0

defines the sequence (UZ) of the (N, p%) mean of the sequence (s,,), generated by the sequence of coefficients
(pr)-

The series Y. a,, is said to be summable |N, p%|,, k = 1if ([1])

i pay k=1
> () - <e
n

n=1

and it is said to be summable [N, p%; 8|, k = 1 and § > 0 if
®.  pa, (Bk+k=1)
> () Ut = U I¥ < o
= \Pn

In the special case when § = 0, = 0 (respect. p,, = 1 for all values of n ) |N, p%; 8|, summability is the same
as |N, p,ly (resp. |C, 1, 8], ) summability.

Seyhan [2] proved the following theorem for |N, p%|, summability factor of infinite series.
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Theorem A. Let k = 1 and a > —1. If the sequence ( s, ) is bounded and the sequences (4,,) and (pg) satisfy
the following conditions

PrlAn| < oo ey

NgE

3
1l
[N

P Ay | < o0 (2)

NgE

3
1l
[N

then the series Y. a,A,,P% is summable |N, pZ|,.

The aim of this paper is to generalize Theorem A for |N, pZ; §; summability.

Theorem 1. Let k = 1,6 = 0 and @ > —1. If the sequence (s,,) is bounded and the sequences (4,) and (p5)
satisfy the following conditions

© P 8k

D () Pl <o 3)

n=1 n

® Pa Sk

D () el <o )
n

[y

n=

and

i (P#)sk—l 1 _0{(Pva>5k 1} (5)
i pe, T \pg/) pf

n=v+1 n

then the series Y. a,A,P% is summable |N,p%; S|, fork > 1and0 < 6§ < %,

Remark. It may be noted that, if we take § = 0 in this theorem, then we get Theorem A. In this case conditions
(3) and (4) reduces to conditions (1) and (2) respectively, and condition (5) reduces to

(oo}

> g =0 (55)
1 Rg[%—l Rﬁ

n=v+

which always holds.
We need the following Lemma for the proof of our theorem.
Lemma. If the sequence (4,,) and (p¥) satisfy the conditions (1) and (2) of Theorem A then B%|A,,| = 0(1) as

m — oo,

Proof. By Abel's partial summation formula, we have

m m-1
Z paA = Z PSAL, + P2,
n=1 n=1

m-—1

m
RSl < ) 121+ ) BElAZ] = 0(1)
n=1 n=1

Hence P%|A,,| = 0(1) asm — oo,
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II. Proof of the Theorem 1

Let ( T, ) be the sequence of ( N, pZ ) mean of the series Y. a,A,p%. Then by definition, we have

1 n v

Tréz = ﬁz pgz arPralr
my=1 r=0
1 n

Ty = ﬁz (B — Pi_1)a,PfA,
n o=

Then for n = 1 we have

Ty —

nl_PaPa Zpglpaavv

By Abel's transformation and the formula for difference of products of sequences, we have

n-1
Te T = Papa {Z A(PZ,P%2,)s, + PEP%_ 2. sn}

n-1

p(l
- Pa;“ {z : (Pp—1 P A, — PP, +1’1v+1)5v} + D5 AnSn
nin-1,5

n-—1
pa
~pa na Z (Pva - pg)PvaAvSv - Pva(Pva + pg+1)lv+1sv + pr?znsn
Pn Pn—l

v=1
pa n-—1
=Papna {Z Pvapvalvsv - Pvapglvsv - Pvapvalv+1sv - Pvapg+1)‘v+1sv}
nin-1G=31
+p${l Sp
pa n—1
n
= PaP“ z PipSA,s, +Pn“Pna—1Z PFPfAM,s,
v=

PaPa z Pv pv+1/1v+1sv +pnl Sn
=T + T, + T,‘{f3 + T34, say

by Minkowski's inequality, it is sufficient to show that

* Pa Sk+k—1 X
Z ( ) |T%.|" < oo forr =1,2,3,4.
n=1
Since ( 4, ) is bounded and
m+1 m+1
— —— )= = ,asm — oo,
v S riP} Prizpna—1 v s Prix—l B PaPrg+1

We have that
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n=2 1;:
0(1)1%1(")6“ LELS e I] 5 reatia
- a a a vpv Z v
n—2 Pn Pn—l Pn—l v=1 =1
m+1 a. Sk-1 1 n-1
=0(1)Z (%) Z PEpEIA
Pn n-1 -1
a\Sk-1 4
—0<1>Z PEDE I Z ) =
n= v+1 Pn 1
- 0(1)2 il ()
v=1 Pv
=0(1),asm - oo
by virtue of condition (3) and (5) of Theorem 1. Again
m+1 pa Sk+k—1 i
> () I
n=2 n
<mz+1 (P“)M 1 < - )k 1 z PEPS1s, 104,
< s
=2 pn 1 Pnal Y
m+1 5}( 1 1 1
= 0(1) z e z PEPE|AL, | z PEPE|AL, |
PX . (PE
m+1 Sk—1 n-—
_0(1)2 ( ) P Z PEPE|AL, |
m+1 Sk—1 1
_0(1)2 PEPE|AL, | Z ( ) -
n=v+1 Pn—l
Sk

- 0(1)2 P2|AA, |(P )

= 0(1), asm — oo

by virtue of condition (4) and (5) of Theorem 1. Again similarly, we have that
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Pa Sk+k—1

m+1
n a k
2, Gg) Il
n=2 n
m+1 Sk—1 n—

k
= — p S
L p% Pna— v v+11°v v+1

1}:
m+1

=00, (% >““ {

m+1 Sk—1

P(Z
—0<1>Z( ) Z PEpE IR,
n-1
m+1 m+1 Sk—1 1

—0(1)2 PE DS |Z () =
- 0(1)2 pE 12| (p—)
v=2

n

Z 5 P8 |} xz PELpE 1A
v=2

=0(1),asm - oo

by virtue of condition (3) and (5) of Theorem 1.
Finally, we have that

1 Sk+k—1 6k—1
a a
P P

Z &) |T54|k‘z (e)  BOMlsalIaalt

n=

~ow Yy (%) aor ()

Pa Sk
- 0(1)2 ReYpE () 1Al
n

6k

—0(1)2 G RN

—0(1)2 (i a)sk Pl

= 0(1), asm — oo

by virtue of Lemma and condition (3) of Theorem 1.
Therefore, we get

* Pa Sk+k—1 X
Z ( ) |T%.|" < oo forr =1,2,3,4.

=1

This completes the proof of Theorem 1.
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