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Abstract- 

 In this paper a theorem on (𝑧, 𝑥, 𝑦) summability which generalizes a theorem of BEOHAR [2] is proved. 
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I. Introductions: Notations and Definitions 

[1.1] Let ∑  𝑎𝑛 be a given series with sequence of partial sums {𝛿𝑛}.    
 Let {𝑥𝑛}, {𝑦𝑛} be a sequence constant, such that 

(𝑥∗𝑦)𝑛 = 𝑥0𝑦𝑛 + 𝑥1𝑦𝑛−1 + ⋯𝑥𝑛𝑦0

 = ∑  

𝑛

𝑚=0

 𝑥𝑛−𝑚𝑦𝑚
 

Let sequence to sequence transformation, be 

𝑡𝑛 =
1

(𝑥 ∗ 𝑦)𝑛

∑  

𝑛

𝑚=0

𝑥𝑛−𝑚𝑦𝑚𝛿𝑚                                    (1.1) 

The series ∑  ∞
𝑚=0 𝑎𝑚 is said to be summable (𝑧, 𝑥, 𝑦) to 𝛿 if 𝑡𝑛 → 𝛿 as 𝑛 → ∞. We shall denote it by 

∑  

∞

𝑚=0

𝑎𝑚 = 𝛿(𝑧, 𝑥, 𝑦) 

or 

𝛿𝑛 → 𝛿(𝑧, 𝑥, 𝑦) 

We shall also use the notations 

𝑡𝑛 =
1

𝐷𝑛

∑  

𝑛

𝑚=0

𝑑𝑛−𝑚𝑦𝑣𝛿𝑚 

where 

𝑑𝑛 = Δ𝑥𝑛 = 𝑥𝑛 − 𝑥𝑛−𝑚

𝐷𝑛 = ∑  

𝑛

𝑚=0

 Δ𝑥𝑚𝑦𝑛−𝑚
 

[1.2] Let 𝑓(𝜙) = 𝑓(cos 𝜙), 𝜙 ∈ [0, 𝜋] be a Lebesgue measurable function such that 

∫  
𝜋

0

 𝑓(𝜙)𝑅𝑛
(𝛼,𝛽)

(cos 𝜙)sin 𝜙2𝛼+1cos 𝜙2𝛽+1𝑑𝜙

𝛼 > −1, 𝛽 > −1
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exist, where 𝑅𝑛 (𝛼,𝛽)(cos 𝜙) is the 𝑛th  Jacobi polynomial of order (𝛼, 𝛽). 

The Fourier Jacobi series associated with this function is 

𝑓(𝑛) ∼ ∫  
𝜋

0

𝑓(𝜙)ℎ𝑛𝑅𝑛(cos 𝜙)                                                (1.2.1) 

where 

𝑓(𝑛) = ∫  
𝜋

0

𝑓(𝜙)𝑅𝑛(cos 𝜙)𝑑𝜇(𝜙) 

and 

ℎ𝑛 = {∫  
𝜋

0

 𝑅𝑛cos2 𝑑𝜇(𝜙)}

−1

 

=
Γ(2𝑛 + 𝛼 + 𝛽 + 1)Γ(𝑛 + 𝛼 + 𝛽 + 1)Γ(𝑛 + 𝛼 + 1)

(𝑛 + 𝛽 + 1)Γ(𝑛 + 𝛼)Γ(𝛼 + 1)Γ(𝛽 + 1)

𝑅𝑛(cos 𝜙) = 𝑥𝑛
(𝛼,𝛽)

(cos 𝜙)/𝑥𝑛
(𝛼,𝛽)

(1)

 

and 

𝑑𝜇(𝜙) = (sin 𝜙/2)2𝛼+1(cos 𝜙/2)2𝛽+1𝑑𝜙 

ASKEY and WAINGER [1] have defined the convolution structure of two function 𝑓1 and 𝑓2 in the following 

manner. 

(𝑓1
∗𝑓2)𝜙 = ∫  𝑓1(𝜙)(𝑇𝜃𝑓2(𝜙))𝑑𝜇𝜙 

where the generalized translation 𝑇𝜃  is defined by 

𝑇𝜃𝑓(𝜙) = ∫  𝑓(𝜓)𝐾(𝜙, 𝜃, 𝜓)𝑑𝜇(𝜓) 

when 

∫  𝑅𝑛(cos 𝜓)𝐾(𝜙, 𝜃, 𝜓) = 𝑅𝑛(cos 𝜙)𝑅𝑛(cos 𝜓) 

and 

∫  𝐾(𝜙, 𝜃, 𝜓)𝑑𝜇 = 1 

[1.3] Let 

𝛿𝑛(𝜙) = ∑  

𝑛

𝑚=0

𝑓(𝑚)ℎ𝑚𝑃𝑚(cos 𝜙) 

 

= ∑  ∫  
𝜋

0

𝑓(𝜃)ℎ𝑚𝑃𝑚(cos 𝜙)𝑃𝑚(cos 𝜃)𝑑𝜇𝜃 

Now using the orthogonal property, we obtain 
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𝛿𝑛(𝜙) − 𝑓(𝜙) = ∑ {𝑓(𝜃) − 𝑓(𝜙)}𝑑𝜇(𝜃) ×

× ∫  
𝜋

0

 𝐾(𝜙, 𝜃, 𝜇)𝑃𝑛(cos 𝜓)𝑑𝜇(𝜓)

= ∫  
𝜋

0

  𝐿𝑛𝜔𝑓(𝜓)𝑅𝑛
(𝛼+1,𝛽)

(cos𝜓)𝑑𝜇𝜓,                                       (1.3.1)

 

where 

𝜔𝑓(𝜓) = 𝑇𝜓(𝑓) − 𝑓                                                                                           (1.3.2) 

and 

Ln =
Γ(𝑛 + 𝛼 + 𝛽 + 2)

Γ(𝛼 + 1)Γ(𝑛 + 𝛽 + 1)
∼ 𝑛𝛼+1 

Therefore, we have 

𝑇𝑛 − 𝑓(𝜙)

 =
1

(𝑥∗𝑦)𝑛

∑  

𝑛

𝑘=0

  {𝛿𝑛+𝑘(𝜙) − 𝑓(𝜙)}𝑑𝑘

 =
1

(𝑥∗𝑦)𝑛

∑  

𝑛

𝑘=0

 𝑑𝑘𝐿𝑛−𝑘 ∫  
𝜋

0

 𝜔(𝜓)𝑃𝑛−𝑘
(𝛼+1,𝛽)

(cos 𝜓)𝑑𝜓

 

where 

𝜔(𝜓) = 𝜔𝑓(cos 𝜓)(sin 𝜓/2)2𝛼+1(
cos𝜓

2)2𝛽+1
                                                (1.3.3) 

INTRODUCTION 

 

[2] In 1985 BEOHAR[2] proved the following theorem. 

 

Theorem A : Let {𝑥𝑛} be a non-negative and non-increasing such that {𝑥𝑛𝑛−(𝛼+
1

2
)
} is increasing. if 

∫  
𝛿

𝑡

|𝜔(𝜓)|𝑃(1/𝜓))𝑑𝜓

𝜓(𝛼+3)/2
= 𝑂(𝑃(1/𝑡)𝑡𝑡

(𝛼+1)/2), 

where 

𝜓 = [1/𝑡] 

and 

∫  
1/𝜋

0

|𝜔𝑓(𝜋 − 𝜓)|𝜓𝛽−
1
2𝑑𝜓 = 𝑂(1)                                                              (1.4.1) 

then for 𝛼 > −
1

2
, 𝛽 > −

1

2
, the series 

𝑡𝑛 =
1

𝑅𝑛

∑  

𝑛

𝑚=0

𝑡𝑚𝛿𝑛−𝑚 
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is summable (𝑧, 𝑥𝑛) to 𝑓(𝜙) 

 

Nörlund summability of the series 𝑓(𝜙) ∼ ∑  𝑓(𝑛)ℎ𝑛𝑃𝑛(cos 𝜙) at the end point has been studied by GUPTA 

[3] PANDEY AND BEOHAR [4] BEOHAR AND MISHRA [5] and ASKEY AND WAINGER [6] have 

applied the convolution structure formula and studied the series for the entire rang 𝑄 i.e. [0, 𝜋]. 

In present paper we study the above theorem for ( 𝑧, 𝑥, 𝑦 ) summability of the series (1.4.1) by applying the 

convolution structure formula. 

We prove the following theorem 

 

[3.1] THEOREM 

Let {𝑥𝑛} and {𝑦𝑛} be non-negative and non-increasing such that {(𝑥∗𝑦)𝑛𝑛−(𝛼+1/2)} is increasing. 

If 

∫  
𝑠

𝑡

 
|𝜔(𝜓)|(𝑥∗𝑦) (

1
𝜓

) 𝑑𝜓

𝜓𝛼+3/2
= 𝑂

(

 (𝑥∗𝑦) (
1

𝑡
)

𝑡
𝛼+

1
2

𝜓 = [
1

𝑡
]

                                 (1.5.1) 

and 

∫  

1
𝑛

0

|𝜔𝑓(𝜋 − 𝜓)|𝜓𝛽−1/2𝑑𝜓 = 0(1)                                                      (1.5.2) 

then, for 𝛼 > −
1

2
, 𝛽 > −

1

2
 the series (1.2 ⋅ 1) is summable (𝑧, 𝑥, 𝑦) to 𝑓(𝜙). 

 

[3.2] For the proof of the theorem, we require the following Lemmas. 

 

LEMMA 1 : Let 𝛼, 𝛽 be real and 𝐶 a constant, then 

𝑍𝑛(𝜓) =
1

(𝑥∗𝑦)𝑛

∑  𝐷𝑘𝐿𝑛−𝑘𝑃𝑛−𝑘
(𝛼+1,𝛽)

(cos 𝜓) 

 

𝑍𝑛(𝜓) = 𝑂(𝑛2𝛼+2) for 0 < 𝜓 <
1

𝑛 

𝑍𝑛(𝜓) = 𝑂 (
𝑛

𝛼+1
2

(𝑥∗𝑦)𝑛

)

[
 
 
 
 

(𝑥 ⋅ 𝑦)
[
𝛽
𝑡
]

(sin 
𝜓
2
)

𝛼+
3
2
(cos 

𝜓
2
)

𝛽+
1
2

]
 
 
 
 

+

+𝑂 (𝑛
𝛼+1

2 ) [(sin 
𝜓

2
)

−𝛼−5
2

(cos 
𝜓

2
)

−𝛽−𝛾
2

]

                                                       (1.6.1) 

for 
1

𝑛
< 𝜓 < 𝜋

1

𝑛. 
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PROOF OF THE LEMMA 1: 

 

We know that, 0 ⩽ 𝜓 ⩽
1

𝑛
 

𝑥𝑛
𝛼+1,𝜃(cos 𝜓) = 𝑂(𝑛𝛼+1) 

Therefore, 

𝑍𝑛(Ψ) = 0 (
1

(𝑥∗𝑦)𝑛

) ∑  

𝑛

𝑘=0

  (𝑛 − 𝑘)𝛼+1(𝑛 − 𝑘)𝛼+1𝐷𝑘

 = 0(
𝑛2𝛼+2

(𝑥∗𝑦)𝑛

∑  

𝑛

𝑘=0

 𝐷𝑘)

 = 0(𝑛2𝛼+2)

 

LEMMA 2: The condition (1.5.1), implies that 

∫  
𝑡

0

|𝜔(𝜓)|𝑑𝜓 = 𝑂(𝑡2𝛼+2)                                                                                (1.6.2) 

PROOF OF THE LEMMA 2: 

Implies that condition (1.5.1) 

∫  
𝑡

0

|𝜔(𝜓)|(𝑥∗𝑦)
[
1
𝜓

]
= 0((𝑥∗𝑦)(𝑡)1/𝑡𝑡

2𝛼+2) 

But the integral on the left hand side 

⩾ (𝑥∗𝑦)
[
1
𝑡
]
∫  

𝑡

0

|𝜔(𝜓)|𝑑𝜓 

Therefore, (1.6.3) is proved 

 

[3.3] PROOF OF THE THEOREM: 

we have 

𝑡𝑛 − 𝑓(𝜙) = ∫  
𝜋

0

 𝑍𝑛(𝜓)𝜔(𝜓)𝑑𝜓

 = {∫  

1
𝑛

0

 + ∫  
𝜋−

1
𝑛

1
𝑛

 + ∫  
𝜋

𝜋−
1
𝑛

 } 𝑍𝑛(𝜓)𝜔(𝜓)𝑑𝜓

 say = 𝐴1 + 𝐴2 + 𝐴3

 

where 

𝐴1 = ∫  

1
𝑛

0

𝑂(𝑛2𝛼+2)|𝜔(𝜓)|𝑑𝜓 

by (1.6.1) 
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 = 𝑂(𝑛2𝑎+2)𝑂(𝜓2𝑎+2)
0

1
𝑛

 = 𝑂(1)                                                                                                          (1.7.1)
 

Next, we consider 

𝐴2 = ∫  
𝜋−

1
𝑛

1
𝑛

 0 (
𝑛𝛼+

1
2

(𝑥∗𝑦)𝑛

) |(𝜔(𝜓))|(𝑥∗𝑦)
[
1
𝜓

]
)/

 / (sin 
𝜓

2
)

𝛼+3/2

(cos 
𝜓

2
)

𝛽+
1
2
⋅ 𝑑𝜓 +

+𝑂 (𝑛𝛼−
1
2 ∫  

𝜋−
1
𝑛

1
𝑛

 |  𝜔(𝜓)} | (sin 
𝜓

2
)

𝛼−
5
2
(cos 

𝜓

2
)

−𝛽−
3
2
)𝑑𝜓

 = 𝑂 (
𝑛𝛼+

1
2

(𝑥∗𝑦)𝑛

)∫  
𝜋−

1
𝑛

1
𝑛

 
1𝜔′(𝜓)(𝑥∗𝑦)

𝜓𝛼+
3
2

(
1

𝜓
)𝑑𝜓 +

 +𝑂 (𝑛𝛼+
1
2)∫  

𝜋−
1
𝑛

1
𝑛

 
1𝜔′(𝜓)

𝜓𝛼+
3
2

𝑑𝜓

 = 𝑂(1) by (1.5.1)                                                                                         (1.7.2)

 

Also, we get 

𝐴3 = 𝑂(1) by (1.5.2)                                                                                         (1.7.3) 

 

Conclusion: Remark: For 𝑦𝑛 = 1, our theerem reduces to BEOHAR [2].  Thus the theorem is proved. 
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