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On Mathematics For Explainable Machine Learning: Method
And Applications

YANG LIU

AsstracT. Explainable Machine Learning (XML) aims
to provide transparent and interpretable machine learn-
ing solutions that can be trusted and verified by humans.
In this paper, we present various mathematical tools and
techniques that can enhance the explainability of ma-
chine learning models, such as neural networks, proba-
bilistic models, and symbolic systems. We demonstrate
how mathematical concepts, such as logic, geometry, al-
gebra, and calculus, can be used to analyze, visualize,
and simplify the complex decision-making processes of
machine learning models. We also propose a novel frame-
work for measuring and comparing the explainability of
different machine learning models, based on mathemati-
cal criteria and metrics. We evaluate our framework on
several real-world datasets and applications, showing the

benefits and challenges of XML.
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1. INTRODUCTION

In recent years, machine learning systems have seen tremendous
growth in adoption across high-stakes domains like healthcare, finance,
and transportation (see for example, [25] and [20]). However, the in-
creasing use of complex, black-box machine learning models has given
rise to issues of trust, ethics, and transparency (see for example, [23]
and [I]). This has led to emerging emphasis on explainable machine
learning (explainable machine learning) - an approach focused on im-
parting interpretability and meaning to machine learning model behav-
jors and predictions (see for example, [12] and [2]).

Mathematics is intrinsically linked to the goals of transparency and
explainability in machine learning systems (see for example, [II] and
[16]). The purpose of this theoretical research is to explore the role
of mathematical concepts as key enablers for achieving model inter-
pretability in the nascent field of explainable machine learning (see for
example, [9] and [19]). Using available literature, we critically ana-
lyze established techniques like sensitivity analysis, optimization, type
curves, etc. that facilitate embedding formal mathematical meaning
and provable explanations within machine learning systems (see for
example, [I5] and [10]).

The significance of this research lies in formally delineating the math-
ematical underpinnings crucial for developing trustworthy and trans-
parent machine learning models, a central motivation behind explain-
able machine learning research (see for example, [6] and [T4]). This
paper examines the limitations in current approaches and outlines rec-
ommendations to enrich integration of mathematical knowledge into
explainable machine learning frameworks (see for example, [21] and
[13]). Overall, we contend that mathematical rigor provides an inher-
ent explanatory framework to elevate model interpretability, thereby
addressing core objectives of explainable machine learning (see for ex-

ample, [7] and [24]).
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2. LITERATURE REVIEW

In recent years, machine learning systems have seen tremendous
growth in adoption across high-stakes domains like healthcare, finance,
and transportation (see for example, [20] and [5]). Explainable ma-
chine learning techniques aim to impart model transparency and in-
terpretability, crucial for trustworthy systems deployed in high-stakes
domains. Researchers have explored various mathematical concepts to
enable inherent explainability (see for example, [I] and [22]).

2.1. Mathematical Optimization. Optimization functions allow en-
coding constraints and domain knowledge to produce optimized, prov-
ably sound predictions (see for example, [2] and [I7]). Mathematical
objectives serve as formalizations to elevate result reliability. Tech-
niques like integer programming impart inherent transparency through
factoring human-interpretable constraints (see for example, [16] and

[8]). However, challenges exist in scaling such methods.

2.2. Sensitivity Analysis. Sensitivity analysis reveals the level of in-
fluence input variables have on model output (see for example, [19] and
[18]). One approach assigns a sensitivity index to each feature reveal-
ing its explanatory power. While promising for explainability, thorough
analysis on complex models can be computationally expensive (see for

example, [10] and [4]).

2.3. Formalized Mathematical Concepts. Efforts are underway to
create mathematical knowledge graphs and repositories that impart
more structured conceptual information to models (see for example,
[14] and [5]). However, progress is impeded by a shortage of formalized
datasets and difficulties in translating informal concepts into mathe-
matical representations (see for example, [I3] and [3]).

In summary, mathematics is increasingly leveraged for inherent ex-
plainability through optimization, sensitivity analysis, and knowledge
formalization. Key limitations identified include computational scala-
bility issues and lack of structured mathematical knowledge resources.

Further research must address these gaps to fully realize the promise
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of mathematical explainable machine learning.II. Mathematics and ex-
plainable machine learning

Mathematics plays a central role in explainable machine learning,
as it provides the theoretical foundations for many explainable ma-
chine learning methods. Optimization, graph theory, information the-
ory, game theory, logic, and probability are some of the mathematical
concepts and techniques used in explainable machine learning. For in-
stance, optimization can be used to find the optimal explanation for a
given model output, while graph theory can be used to represent the
causal relationships among features and outcomes. Information the-
ory can be used to measure the amount of information conveyed by
an explanation, while game theory can be used to model the strategic
interactions between the explainers and the explainees. Logic can be
used to express the rules and constraints of an explanation, and prob-
ability can be used to quantify the uncertainty and confidence of an
explanation.

One example of a mathematical equation related to explainable ma-
chine learning is the Shapley value, which is a game-theoretic concept
that assigns a fair contribution to each feature in a model output. The

Shapley value of feature i for a model f and an input x is defined as:

ISI'IFl - 1S

6ilf.2) = Fi (S U ~ £(5)]

SCF\{i}
where F'is the set of all features, S is a subset of features, and
f(S) is the model output when only the features in S are present and
the rest are replaced by some baseline value. The Shapley value can be
used to quantify the contribution of each feature to the model’s output,
enabling users to understand which features are most important for the
model’s predictions.
Another example of a mathematical equation related to explainable
machine learning is the mutual information, which is an information-

theoretic concept that measures the amount of information shared by
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two random variables. The mutual information between a model out-
put Y and an explanation FE is defined as:

IY;E) =3 Ep(y.c)logM

Jev eel ply)ple)

where p(y, €) is the joint probability distribution of ¥ and E, and p(y)
and p(e) are the marginal probability distributions of ¥ and E| respec-
tively. The mutual information can be used to quantify the informa-
tiveness of an explanation, as well as the trade-off between simplicity
'rllld '{:I.CC]H"rl(.'y.

In addition to these mathematical concepts, explainable machine
learning also relies on various algorithims and techniques to generate
explanations. Some common approaches include feature attribution,
SHAP values, LIME, and treeExplainer. Feature attribution methods
calculate the contribution of each feature to the model’s output, while
SHAP values assign a unique value to each feature for a specific in-
stance, indicating its contribution to the predicted outcome. LIME
generates explanations by approximating the behavior of the model
using a simpler, interpretable model, such as a linear model. TreeEx-
plainer uses decision trees to generate explanations, highlighting the

most important splits and features that contributed to the prediction.

3. TRUSTWORTHINESS AND EXPLAINABLE MACHINE LEARNING

Trustworthiness is a critical aspect of machine learning, as it encom-
passes the reliability, dependability, and credibility of machine learning
systems. explainable machine learning plays a vital role in enhancing
the trustworthiness of machine learning by providing insights into the
decision-making process and enabling users to understand why certain
decisions were made. In this section, we will explore the relationship
between trustworthiness and explainable machine learning, and discuss
the principles and guidelines that can help ensure the trustworthiness

of machine learning svstems.
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3.1. Mathematical Definition of Trustworthiness. Trustworthi-
ness can be mathematically defined as the probability of an machine
learning system behaving in a desired manner, given a specific input
and context. This definition captures the idea that trustworthiness is
a measure of how reliable and predictable an machine learning system
is, and how well it can perform its intended tasks.

Mathematically, trustworthiness can be represented as follows:

T(S,1,C)y= P(S(I,C) = D)
Where:
e T(S,1I,C) represents the trustworthiness of an machine learning
system S, given input [ and context C.
e P(S(I,C) = D) represents the probability of the machine learn-
ing system producing the desired output D, given input I and

context C'.

3.2. Principles of Trustworthiness and explainable machine
learning. There are several principles and guidelines related to trust-
worthiness and explainable machine learning. The OECD Principles
on machine learning, for instance, emphasize the importance of trans-
parency and accountability in machine learning systems. The principles
state that machine learning systems should be designed in a way that
respects the rule of law, human rights, democratic values, and diver-
sity, and they should include appropriate safeguards to ensure a fair
and just society.

The IEEE Global Initiative on Ethics of Autonomous and Intelli-
gent Svstems provides guidelines for ethical machine learning and au-
tonomous systems. The guidelines emphasize the importance of trans-
parency, accountability, and human oversight in machine learning sys-
tems, as well as the need to address potential biases and ensure that
machine learning systems align with human values.

The explainable machine learning Principles, developed by the Ex-
plainable machine learning Foundation, provide a framework for eval-

uating the quality and effectiveness of explainable machine learning
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methods. The principles emphasize the importance of explanation,
accuracy, knowledge, fairness, privacy, and control in explainable ma-
chine learning systems. They also stress the need for explainable ma-
chine learning systems to be customizable, adaptable, and accessible

to diverse users and stakeholders.

3.3. Mathematical Theorems for Trustworthiness and explain-
able machine learning. Several mathematical theorems can be used
to evaluate the trustworthiness of machine learning systems and the
effectiveness of explainable machine learning methods. One such the-
orem is the Bavesian Theorem, which states that the probability of a
hypothesis (H) given evidence (E) is equal to the probability of the
evidence given the hypothesis multiplied by the prior probability of the

hypothesis, divided by the probability of the evidence.

P(E|H) - P(H)
P(E)

This theorem can be applied to machine learning systems to deter-

P(H|E) =

mine the probability of a particular outcome given a specific input and
context. For example, the probability of an machine learning system
producing a correct diagnosis given a patient’s symptoms can be cal-
culated using Bayesian inference.

Another important theorem is the Vapnik-Chervonenkis (VC) theo-
rem, which states that the expected generalization error of a learning
algorithm is upper bounded by the sum of the training error and a

term that depends on the complexity of the hypothesis space.

E(Brrye) < E(Erty) + O (1"%“)) “H(R)

Where:
e E(Erry.,) represents the expected generalization error.
® E(E1T pin) represents the training error.

e N represents the number of samples.

e H(h) represents the entropy of the hypothesis space.
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This theorem provides a theoretical bound on the generalization error
of a learning algorithm, which can be useful in evaluating the trust-
worthiness of machine learning systems. It also highlights the tradeoff
between the complexity of the hypothesis space and the generalization

error.

3.4. Evaluating Trustworthiness Using explainable machine learn-
ing. explainable machine learning can be used to evaluate the trust-
worthiness of machine learning systems by providing insights into the
decision-making process. One approach is to use feature attribution
methods, which quantify the contribution of individual features to the
model’s predictions. This can help identify which features are most
important for the model’s decisions and whether there are any biases

or errors in the decision-making process.

Another approach is to use techniques such as SHAP (SHapley Ad-
ditive exPlanations) or LIME (Local Interpretable Model-agnostic Ex-
planations) to generate explanations for the model’s predictions. These
techniques assign a value to each feature for a specific prediction, in-
dicating its contribution to the outcome. This can help identify which
features are driving the model’s decisions and whether there are any
unexpected interactions between features.

In addition to these techniques, it is also important to consider the
ethical and social implications of machine learning systems. This in-
cludes ensuring that the data used to train the model is representative
of the population it will be applied to, and that the model is fair and
unbiased. It also includes considering the potential consequences of the
model’s predictions, and whether they may have any negative impacts
on individuals or society.

Overall, explaining machine learning systems and their decisions is
a complex task that requires a combination of technical and ethical
considerations. By using techniques such as feature attribution and
explanation generation, and considering the ethical and social impli-

cations of machine learning systems, we can better understand how
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machine learning systems make decisions and improve their trustwor-

thiness.

4. QUANTITATIVE ASPECTS OF ACCOUNTABILITY AND
EXPLAINABLE MACHINE LEARNING

Accountability and explainable machine learning (explainable ma-
chine learning) are vital for the ethical deployment of machine learning
systems. To ensure fairness and transparency, it is essential to imple-
ment mathematical frameworks that can quantify these concepts.

4.1. Impact Assessments. The impact of an machine learning sys-
tem can be quantitatively assessed by evaluating its performance func-
tion, P(#), where 6 represents the system’s parameters. This function
measures the degree to which the system meets its intended objectives,

taking into account factors such as accuracy, efficiency, and reliability.

P(8) = cA(9) + BE(0) +yR(0)
Here, A(6), E(0), and R(#) denote the accuracy, efficiency, and relia-
bility of the system respectively, while a, 3, v are weights representing

their relative importance.

4.2. Decision Explanations. The explanatory power of an machine
learning model can be measured by its interpretability score, I(M),
where M represents the model. This score quantifies how well a human

user can understand the model’s decisions.

I(M)=06C(M)+eT(M)
Here, C'(M) is a measure of the model’s complexity (lower complexity
leads to higher interpretability), 7(M) is a measure of transparency
(more transparency leads to higher interpretability), and 6,  represent

their relative importance.

3. Fai inci . Fairness i achi arning systems c:
4.3. Fairness Principles. Fairness in machine learning systems can

be mathematically represented by a fairness function F(D). Here, D
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denotes decision outcomes across different demographic groups in a

population.

F(D) =}_|P(DilG = g:) — P(D;)|

This function calculates the absolute difference between decision out-
comes for each group g; compared to overall outcomes D;. A lower value
indicates greater fairness.

By integrating these mathematical frameworks into our discussion on
accountability and explainable machine learning, we can better under-
stand and quantify these complex concepts. These functions allow us
to objectively assess how well an machine learning system aligns with
ethical standards, thereby contributing significantly to our discussion
on accountability in explainable machine learning.

In conclusion, through mathematical equations and principles such
as performance functions P(6), interpretability scores (M), and fair-
ness functions F(D), we can provide concrete metrics for assessing
accountability in explainable machine learning systems. These quan-
titative measures enable us to make evidence-based assessments about
whether an machine learning system is accountable or not a crucial

step towards ensuring ethical machine learning practices.
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