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Abstract  

A mathematical structure known as  Heyting almost distributive lattice (HADL) combines the characteristics of 

both Heyting algebra and almost distributive lattice. It has found use in a variety of domains where non-

classical logic, reasoning with uncertainty, and partial knowledge are essential. An overview of the uses of 

HADL in many fields is given in this study. 
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I. INTRODUCTION  
U.M. Swamy and G.C. Rao presented the idea of an almost distributive lattice (ADL) as a general 

abstraction to most of the current ring theoretic generalisations of a Boolean algebra and distributive lattices [6]. 

Heyting algebra is a distributive lattice that is relatively pseudo-complemented. It is a result of non-classical 

logic, and Skolem T. was the first to study it. Heyting Algebra is so called in honour of the Dutch mathematician 

Arend Heyting [1]. As a generalisation of a Heyting algebra in the class of almost distributive lattices, G.C. Rao, 

Berhanu Assaye, and M.V. Ratna Mani presented the Heyting almost distributive lattice [2]. As an abstraction 

from Heyting algebras, Sankappanavar classified a class of algebras (semi-Heyting algebras) in [5], noting that 

they are distributive, pseudo-complemented, and that congruences on them are determined by filters. As a 

generalisation of the class of semi-Heyting algebras with an almost distributive lattice with maximal elements 

that are not lattices, writers in [3] introduced the class of semi-Heyting almost distributive lattices.  The class of 

Heyting algebras was later generalised by the authors in [4] using the structure of an almost distributive lattice 

with a maximum element, and they also introduced the class of almost semi-Heyting algebras, which are not 

lattices or Heyting algebras. The goal of the current paper is to look at the various fields where the algebra 

 Heyting almost distrributive lattice  is used. 

 

II. PRELIMINARIES  

Let us recall the definition of an almost distributive lattice,  Heyting almost distributive lattices, semi-Heyting 

almost distributive lattices, almost semi Heyting algebra  and certain necessary results which are required in the 

sequel.  

Definition 2.1. [6] An almost distributive lattice (ADL) is an algebra (L, ∨, ∧, 0) of type (2, 2, 0) which satisfies 

the following;  

(i) 𝒶1  ∨  0 = 𝒶11
 

(ii) 0 ∧  𝒶1  =  0  
(iii) (𝒶1 ∨  𝒷1)  ∧ 𝒸1 =  (𝒶1  ∧  𝒸1)  ∨  (𝒷1  ∧ 𝑐1)  
(iv) 𝒶1  ∧  (𝒷1 ∨  𝒸1)  =  (𝒶1  ∧  𝒷1)  ∨  (𝒶1  ∧  𝒸1)  
(v) 𝒶1  ∨  (𝒷1  ∧  𝒸1)  =  (𝒶1 ∨ 𝒷1)  ∧  (𝒶1  ∨  𝒸1)  
(vi) (𝒶1  ∨ 𝒷1) ∧  𝒷1  =  𝒷1 ,       for all 𝒶1, 𝒷1, 𝒸1  ∈  𝐿. 
Example 2.2. [6] Let 𝐿 be a non-empty set. Fix𝒶0 ∈  𝐿. For  any 𝒶1, 𝒷1 ∈  𝐿. Define 

𝒶1  ∧  𝒷1  =  𝒷1 , 𝒶1  ∨  𝒷1  =  𝒶1 if 𝒶1  ≠ 𝒶0, 𝒶0  ∧ 𝒷1  =  𝒶0 and 𝒶0  ∨  𝒷1 = 𝒷1. Then (𝐿, ∨, ∧,  𝑥0) is an 

ADL and it is called as discrete ADL. 

 In this section L stands for an ADL (𝐿, ∨, ∧, 0) unless otherwise specified.  

Given 𝒶1, 𝒷1 ∈  𝐿, we say that𝒶1 is less than or equal to 𝒷1 if and only if 𝒶1  =  𝒶1  ∧  𝒷1or equivalently 𝒶1 ∨
𝒷1  =  𝒷1, and it is denoted by 𝒶1  ≤  𝒷1. Hence ≤ is a partial ordering on 𝐿. An element 𝓂 ∈  𝐿 is said to 

maximal if for any𝒶1 ∈  𝐿, 𝓂  ≤  𝒶1 implies 𝓂  =  𝒶1.  

Theorem 2.3. [6] For any 𝓂  ∈  𝐿, the following are equivalent; 

      (i) 𝓂 is a maximal element 

      (ii)𝓂 ∨ 𝒶1  =  𝓂 ,   for all𝒶1  ∈  𝐿. 
      (iii) 𝓂  ∧ 𝒶1  =  𝒶1, for all 𝒶1  ∈  𝐿. 
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For any binary operation → in an ADL (𝐿,∨,∧, 0) with a maximal element m, let us denote the following 

identities for all 𝒶1, 𝑏1, 𝒸1  ∈  𝐿, 

 𝐼(1) [(𝒶1  ∧  𝒷1)  →  𝒷1]  ∧  𝓂  = 𝓂   
 𝐼(2) 𝒶1  ∧  (𝒶1  →  𝒷1)  =  𝒶1  ∧  𝒷1  ∧  𝓂  
 𝐼(3)𝒶1  ∧  (𝒷1  →  𝒸1) =  𝒶1  ∧  [(𝒶1  ∧  𝒷1) →  (𝒶1  ∧  𝒸1)]  
𝐼(4) (𝒶1  ∧  𝓂 )  →  (𝒷1  ∧  𝓂 )  =  (𝒶1  →  𝒷1)  ∧  𝓂  
 𝐼(5) 𝒶1 →  𝒶1  =  𝓂  
 𝐼(6) (𝒶1  →  𝒷1)  ∧  𝒷1  =  𝒷1 

 𝐼(7) 𝒶1  →  (𝒷1  ∧ 𝒸1)  =  (𝒶1  →  𝒷1)  ∧  (𝒶1  →  𝒸1) 

 𝐼(8) (𝒶1  ∨  𝒷1)  →  𝒸1  =  (𝒶1  →  𝒸1)  ∧  (𝒷1  →  𝒸1) 

Now, we have the following identities which are the consequences of 𝐼(1), 𝐼(2), 𝐼(3) and 𝐼(4) 

 𝐶𝐼(1)(𝒶1  →  𝒶1)  ∧  𝓂  = 𝓂  
 𝐶𝐼(2) [𝒶1  ∧  (𝒶1  →  𝒷1)]  ∧  𝓂  =  𝒶1  ∧  𝒷1  ∧  𝓂  

𝐶𝐼(3)[𝒶1  ∧  (𝒷1  →  𝒸1)] ∧  𝓂 = [𝒶1  ∧  [(𝒶1  ∧  𝒷1) → (𝒶1  ∧  𝒸1)]] ∧  𝓂  

𝐶𝐼(4)[(𝒶1  ∧  𝓂 )  →  (𝒷1  ∧  𝓂 )]  ∧  𝓂 =  (𝒶1 →  𝒷1)  ∧  𝓂  
Definition 2.4. [2]  𝐿 with a maximal element 𝓂 is said to be a Heyting almost distributive lattice 

(abbreviated:HADL), if it holds 𝐼(2), 𝐼(5), 𝐼(6), 𝐼(7) and 𝐼(8). 

     

Example 2.5. Let 𝐿 =  {0, 𝓍1, 𝓂}.  Define three binary operations ∨, ∧ and → on 𝐿 as follows; 

∨ 0 𝓍1 𝓂           ∧ 0 𝓍1 𝓂 

0 0 𝓍1 𝓂 0 0 0 0 

𝓍1 𝓍1 𝓍1 𝓍1 𝓍1 0 𝓍1 𝓂 

𝓂       𝓂   𝓂 𝓂 𝓂 0 𝓍1 𝓂 

 

→ 0 𝓍1 𝓂 
0 𝓂 𝓂 𝓂 

𝓍1 0 𝓂 𝓂 

𝓂 0 0 𝓂 

 

Then clearly (𝐿, ∨, ∧, →, 0, 𝓂) is a HADL. 

 

III. APPLICATIONS OF HADLS  

The algebra of Heyting almost distributive lattices (HADLs) has several applications in different areas. Here are 

a few examples:  

 

Intuitionistic Logic: HADLs are closely related to intuitionistic logic, a nonclassical logic system that rejects 

the law of excluded middle and allows for the possibility of intermediate truth values. HADLs provide a 

mathematical framework for reasoning under intuitionistic logic, making them valuable in formalizing and 

studying intuitionistic reasoning systems.  

 

Modal Logic: HADLs have applications in modal logic, which deals with reasoning about necessity and 

possibility. The lattice structure and the Heyting implication operation in HADLs can be used to model 

modalities and reason about modal properties in a more expressive and flexible way.  

 

Formal Verification: HADLs can be used in formal verification techniques, which aim to prove the correctness 

of hardware and software systems. HADLs provide a mathematical foundation for reasoning about the behavior 

of systems with uncertain or incomplete information, allowing for more accurate and precise verification of 

complex systems.  

 

Artificial Intelligence: HADLs find applications in artificial intelligence, particularly in knowledge 

representation and reasoning systems. They can be used to model and reason about uncertain or incomplete 

knowledge, providing a framework for handling uncertain and conflicting information in AI systems.  

 

Linguistics and Natural Language Processing: HADLs have been applied in the field of linguistics and 

natural language processing for modeling and analyzing the semantics of natural language. The lattice structure 

and the Heyting implication operation can capture the relationships between linguistic concepts and support 

more sophisticated semantic analysis. 
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These are just a few examples of the applications of HADLs. The flexibility and expressiveness of HADLs 

make them valuable in various areas where reasoning under uncertainty, non-classical logic, and modalities are 

involved. 

 

IV. CONCLUSION  

Heyting almost distributive lattices (HADLs) have proven to be valuable mathematical structures with 

a wide range of applications. They find utility in fuzzy logic, formal verification, automated reasoning, and the 

study of non-classical logics. By providing a rich algebraic framework for reasoning under uncertainty 1 and 

handling complex information, HADLs contribute to the development of advanced computational tools and 

logical systems in various domains. 
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