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Abstract 
The aim of this paper is to derive some Holder’s inequalities for the extended Chaudhary-Zubair gamma 

function, which is also known as the j-m Chaudhary-Zubair gamma function. Furthermore, some refinements of 

Holder’s inequality are also derived.  
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I. INTRODUCTION 

The aim of this paper is to derive some inequalities of the extended Chaudhary-Zubair gamma function 

which is also known as the j-mChaudhary-Zubair gamma function. To be specific, we are going to apply the 

generalizations of the Holder’s inequality derived by Mohamed Akkouchi and Mohamed Amine Ighachanein 

their paper [1]. Furthermore, using their generalizations of the Holder’s inequality, some new refinements of the 

Holder’s inequality are also established. In [2], Chaudhary and Zubair gave the following extension of the 

gamma function: 
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The above extension of the gamma function has wide applications in mathematics in the area of statistical 

distributions. Since then, many generalizations of 1.1 have been derived in the literature. Consider for example 

the following m-analogue of the Chaudhary-Zubair gamma function [3] 
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and the j-m analogue: 
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where 0  and , 0j m  . 

 

II. Main results 

Let  and  be two non-negative integrable functions over the range of [ , ]a b . Let , 0p q  such that 

1 1 1p q   . Then, we define Holder’s inequality as 
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For the particular case of 2p q  , the above inequality is reduced to the Cauchy-Schwarz inequality. 

Akkouchi&Ighachane gave the following refinement of the above Holder’s inequality: 

 

Theorem 1:Let  and  be two non-negative integrable functions over the range of :[ , ]a b . Let , 0p q 

such that 
1 1 1p q   . Then for 2n  we have 
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 is the usual binomial coefficient for all  0,1,2,...,k n . 

Furthermore, they also gave a equivalence of Holder’s and Cauchy-Schwarz inequalities as follows. 

 

Theorem 2: Let  and  be two non-negative integrable functions over the range of :[ , ]a b . Let , 0p q 

such that 
1 1 1p q   . Then we have 
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Now, we apply Theorem 1to m-analogue and j-m-analogue of the Chaudhary-Zubair gamma function. 

 

Theorem 3:Let 0  . Let , 0a b   with 1a b  and , 0u v  . Then for 2n  we have 
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Proof: To apply Theorem 1 to the k-analogue of Chaudhary-Zubair gamma function, we first set  and let the 

measure  given by  
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which implies that 1a b  . Thus, now we get 
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Using theorem 1, we have  
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Since  ,m x  is logarithmically convex, we get 
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for all 1 1k n   . We have 
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This completes our proof. 

 

Theorem 4:Let 0  . Let , 0a b   with 1a b  and , 0u v  . Then for 2n  we have 
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Proof: To apply Theorem 1 to the j-m-analogue of Chaudhary-Zubair gamma function, we first set and let the 

measure  given by  

m

m

t

j t

jd t e dt





 

 . Now, let    1a u
x x


 and    1a v

x x


 and
1 1

,p q
a b

   

which implies that 1a b  . Thus, now we get 

     1

, ,

0

a

au

m jp
x d x u 


 

   
 
 , 

     1

, ,

0

b

bv

m j
p

x d x v 


 
   
 
  

and 



Generalized Holder’s inequalities for extended Chaudhary-Zubair gamma function 

www.ijres.org                                                                                                                                            275 | Page 

       1 1

, ,

0

a u b v

m jx x d x au bv


 
    

Using theorem 1, we have  
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Since  , ,m j x  is logarithmically convex, we get 
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This completes our proof. 

 

Now, we present the following two refinements of the Holder’s inequality derived from Theorem 1 and 2. 

 

Theorem 5:Let  and  be two non-negative integrable functions over the range of :[ , ]a b . Let , 0p q 

such that 
1 1 1p q   . Let , 0m n  such that 

m n

p q
 is an integer. Then we have 
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Proof: Replace   and  in Theorem 2 with 

1 m

p p   and 

1 n

q q  respectively and the desired result readily 

follows. 

 

Theorem 6:Let  and   be two non-negative integrable functions over the range of :[ , ]a b . Let , 0p q 

such that 
1 1 1p q   . Let , 0m n  such that 

m n

p q
 is an integer. Then for 2n  we have 
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Proof: Replace   and  in Theorem 1 with 

1 m

p p   and 

1 n

q q  respectively and the desired result readily 

follows.                                            . 

 

 

III. CONCLUSION 

In this paper, we have derived some inequalities for the extended Chaudhary-Zubair gamma 

functions.Furthermore, using the results of Mohamed Akkouchi and Mohamed Amine Ighachane, we have 

derived some refinements of the Holder’s inequality in the form of Theorem 5 and 6. The substitutions that we 

have used in deriving Theorem 5 and 6 were previously useful in deriving the Turan-type inequalities for 

polygama function and other special functions [5]. Thus, we believe that Theorem 5 and 6 can also be used in 

deriving Turan-type inequalities for the same special functions.  
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