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Abstract

Flow through a finite Brinkman porous layer underlain by a Darcy porous layer or a Forchheimer porous
layer is analyzed in this work. Condition at the interface is the slip velocity condition of Beavers and Jospeh
when a Darcy layer is involved, and a modified Beavers and Joseph condition when a Forchheimer porous
layer is involved. Expressions for the interfacial velocity and shear stress at the interface are obtained
together with a relationship between the slip coefficients for the different layers employed.
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I. INTRODUCTION
Prior to 1967, it has been customary to use a no-slip condition at the interface between a fluid and a
porous surface (cf. Joseph & Tao [1]). In 1967, the experiments of Beavers and Joseph [2] initiated an interest in
coupled parallel flow between a porous layer and free-space, and between composite porous layers. They observed
that the mass flux through a free-space channel is greater than the predicted mass flux by Poiseuille flow when a
no-slip condition is used, [2]. They provided an explanation in terms of a slip flow hypothesis at the interface and
proposed the following empirical slip-flow condition that agreed well with their experiments:

@y
Oy_\/Eul up) ... (1)

where wu;is the tangential velocity component at the interface, Uy is the uniform filtration (Darcy)

velocity in a porous layer, k is the permeability to the flow in the porous medium (assumed constant), and « is a
slip coefficient whose value depends on the porous structure properties. Nield [3] provided the range of 0.01 to 5
for a, and reported that in the experiments of Beavers and Joseph, the a values used were 0.78, 1.45, and 4.0 for
Foametal having average pore sizes of 0.016, 0.034, and 0.045 inches, respectively, and 0.1 for Aloxite with
average pore size of 0.013 or 0.027 inches.

While Beavers and Joseph [2] provided analysis of flow in a channel over a Darcy porous layer, many
authors favoured the use of Brinkman’s equation due to compatibility of differential orders between Brinkman’s
equation and the Navier-Stokes equations. Significance of Brinkman’s equation has been discussed by Neale and
Nader [4] who suggested velocity and shear stress continuity at the interface, and recovered Beavers and Joseph’s
results by defining the slip parameter, «, in terms of the fluid viscosity coefficient, p, and the effective viscosity
coefficient, u,, as
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In addition to the work of Neale and Nader, [4], many other investigations point to a general agreement
that conditions at the interface must emphasize velocity continuity and shear stress continuity in order to facilitate
the matching of flow in the channel with the flow through the porous medium. Rudraiah, [5], concluded that
Brinkman’s equation is a more appropriate model when the porous layer is of finite depth.

WWW.ijres.org 32 | Page



Modified Beavers and Joseph Condition in the Study of Flow through Composite Porous Layers

Modifications of the Beavers and Joseph condition have been proposed and appear in the many excellent reviews
of flow through and over porous layers (c.f. [6-15] and the references therein). However, in the current work we
are interested in an extension of the Beavers and Joseph condition to the problem of flow over a porous layer
where Forchheimer’s equation is valid.
Abu Zaytoon and Hamdan [16] considered flow in a channel underlain by a Forchheimer’s porous layer. They
provided the following modification to equation (1)
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where v is the velocity in the Forchheimer’s porous layer and S is a slip coefficient associated with the
Forchheimer-type porous microstructure.
Both conditions (2) and (3) emphasize that the shear stress at the interface with a porous layer is proportional to
the difference between the interfacial velocity and the velocity in the porous medium. Beavers and Joseph [2]
used condition (1) to obtain the following expression at the interface between a channel and a Darcy porous
layer:
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where ¢ = \% and p, = Z—Z < 0 is the common driving pressure gradient.

Abu Zaytoon and Hamdan [16] used condition (2) to obtain the following expression at the interface between a
channel and a Forchheimer porous layer:
_ k[o®+2a0¢ c
W= | T a0 Dx - (5)
wherein h is the channel width, Cr is the Forchheimer coefficient,p is the fluid density and
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The above analysis and interfacial conditions relate to the Navier-Stokes flow over a porous layer. Of
interest is to study the effects of conditions (1) and (3) when flow is through a finite porous layer underlain by a
semi-infinite Darcy or a Forchheimer porous layer and bounded above by a solid, impermeable wall on which the
no-slip condition is imposed. As per Rudraiah’s suggestion, [5], Brinkman’s equation can be used to govern the
flow in a finite porous layer, and it viscous shear term in suitable for the no-slip condition on the upper wall. In
both flow situations, we obtain expressions for the interfacial velocity and investigate the relationship between
the slip parameters a and S. We present our analysis for the general case of different constant permeabilities in
the composite layers and the specific case of equal permeabilities.

1. PROBLEM ANALYSIS
Fluid flow through a porous medium in the presence of an impermeable solid wall can be described by
the following continuity and Brinkman’s equations, written here for the steady flow of an incompressible viscous
fluid through a constant permeability medium:
V-i=0..(7)

p(@ - V)i = —Vp + p V20 — %a . (8)
wherein p is the fluid density, p is the pressure, u is the fluid base viscosity, n is the Brinkman layer permeability,
Ue = % is the effective viscosity (that is, viscosity of fluid saturating the porous medium), ¢ is the porosity, u is

the fluid velocity field.
For uni-directional flow, the tangential velocity component is u = u(y), and equations (7) and (8) reduce to

Px

Uy —— =2 (9
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I
Equation (9) is valid in the finite porous layer 0 < y < h while Darcy’s law and Forchheimer’s equation are valid
in the semi-infinite lower layer, —oo < y < 0. The interface between the layers is assumed to be sharp with

location at y = 0, as shown in Fig. 1.
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Fig. 1. Schematic Sketch

Darcy’s law, for uni-directioal flow, is written as:
up = P (10
° u

and Forchheimer’s equation takes the form:
PCf
vk
where in equations (10) and (11), wuy, is the Darcy seepage tangential velocity, v is the Forchheimer tangential
velocity, Cy is the Forchheimer drag coefficient.
We are thus required to solve (9) subject to u(h) = 0 and u(0) = u;, where u; is the velocity at the interface y =
0 that can be determined with the help of Beavers and Joseph [2] condition (1) when the lower layer is a Darcy
layer and condition (3) when the lower layer is a Forchheimer porous layer. We will first assume that
permeabilities k and n are different.

—vlv| += v+px =0..(11)

Case 1: Flow through a finite porous layer underlain by a semi-infinite Darcy porous layer
Solution to (9) is given by

u= clcoshL + czsinhL _ P« ..(12)
JIn Jon B
with
u sinh cosh .(13)

= T T T

where c;and c, are arbitrary constants.
Using u(h) = 0 and condition (1) in (12) and (13), we obtain

cz—a\/;n< +k—> .(14)

NPx ’ a
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and the following velocity distribution in the Brlnkman ] layer

[%sech— - aJ_(

)
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Using u(0) = u; in (16) and solving for u;, we obtain:

o 9k . o
. (1 — cosh ﬁ) - a\/;smhﬁ an
u cosh\% + (a,/ﬁnk)sinh%

o
) tanh —] cosh——

i
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If n = k then
1

[cosh +a\/_smh—

u; = —1[==..@18)

Since 9 = %and, by (2), a? = % it follows that «® = 9 or a = /9, and (18) can be written as:

! 1 Kb ..(19)

u. frd — —
' cosh % + ﬁsinh —

By comparison, when the flow is through free-space over a Darcy porous layer, velocity at the interface is given

by equation (4).

Case 2: Flow through a finite porous layer underlain by a semi-infinite Forchheimer porous layer

In this case, flow is governed by the Forchheimer’s equation (11). We note that if C; =0, equation (11) reduces
to Darcy’s equation (10).

We are required to solve (9) and (11) subject to u(h) = 0 and condition (3) at y = 0. Solution to (9) is given by
(12) with u,, given by (13).

When all the parameters are constant, equation (11) is an algebraic equation in the velocity, written in the
following form:

vk
vyt Y P o 20
pCVk pCy
Solving (20) and choosing the positive root so that the velocity is non-negative, yields
2 Wk
_ u u Dax 21)

- + -
2pCVk - \4p*CPk pCy
Using u(h) = 0 in (9) and using (21) in (13) when y = 0, and solving for the arbitrary constants c;and c,

appearing in (9), we get:
ﬁ\/_ ( L )2 V| oo
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Velocity profile in the Brinkman layer thus takes the form:
u= %s ch—— JIn/k tanh——
u [9n ‘/

2
u u Vkp, h y
— BJIn/k — < ) — tanh cosh—
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2
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+ B\JIn/k ui+2pcf N J<2pcf \/_ ‘ J_ p . (24)

Evaluating (24) at y = 0 and solving for u;, we obtain the following expression for the interfacial velocity:

o O |t <2pc‘; ﬁ> - ﬁ”f" sinh =
u; = - - ..(25)
[coshﬁ + B/9n/ksinh E]
If n = k then (25) can be written in the form:
{kp" BNIEsinh — }

" = .(26)
[coshﬁ + BVIsinh \/—5]

where £ is as given by (6).
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By comparison, when the flow is through free-space over a Forchheimer porous layer, velocity at the interface is
given by equation (5).
Equating the interfacial velocities in (18) and (26), we obtain the following expression for 8 in terms of a:

sinh — {[1 —(1 —%5) COSh\%] —a[x/ﬁ—%{] sinh%}
B= T o -(27)
ﬁcosh Fta smh‘/—5 (1 + cosh x/_ﬁ)

If = /9, as per equation (2), then (27) takes the form:

h{[1- 1—L§ P . UW_{ h
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I11. DIMENSIONLESS FORM

We can express the velocity at the interface and the relationship between « and 8 in dimensionless form by
introducing the following dimensionless variables, wherein h is takes as the characteristic length and u, is the
characteristic velocity:

x.7) = (xy) (w,v) koo P puch

; (U,V) = ;i K=—; p* = ; Re = (29
h()uc thp(uc)zeu()

Note that in dimensionless form, dimensionless ¢ is = P is the dimensionless pressure gradient and
2

dimensionless ¢ is " = —————.
1+ /1—4K«/?che2P

Equation (18) takes the following dimensionless form:
1

u; = — — 1| ReKP ... (30)

cosh — \/_ + aﬁsinhﬁ

Equation (26) takes the following dimensionless form:

Ui = {ReKP BVIE” smhF} .G31)
[coshﬁ+[f\/_smh ]

Equation (27) takes the following dimensionless form:
. 1 ,_
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If @ = /9 then (33) becomes:
. 1 1, 1
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IV. CONCLUSION

In this work, we considered the flow through a finite porous layer underlain by a semi-infinite porous
layer. Flow through the finite layer is governed by Brinkman’s equation, while flow through the semi-infinite
lower layer is governed by either Darcy’s law or Forchheimer equation. At the interface between the layers we
used the Beavers and Joseph slip condition when the lower layer is of the Darcy type, and a modified form of
Beavers and Joseph condition when the lower layer is of the Forchheimer type. In both cases we obtained
expressions for the velocity at the interface as a function of flow parameters and derived an expression for the
relationship between the slip parameters, a when using the Beavers and Joseph condition and 8 when using the
modified Beavers and Joseph condition.

REFERENCES
[1. Joseph, D.D. and Tao, L.N. (1966) “LubricationofaPorousbearing—StokesSolution”,J. AppliedMechanics, Vol. 33, pp.753-760.
[2]. Beavers, G.S. and Joseph, D.D. (1967) “Boundary Conditions at a Naturally Permeable Wall”, Journal of Fluid Mechanics,Vol. 30,
pp. 197-207.
[3]. Nield, D.A. (2009) “The Beavers—Joseph Boundary Condition and Related Matters: A Historical and Critical Note”, Transport in
Porous Media,Vol. 78, , pp. 537-540.

WWW.ijres.org 36 | Page



Modified Beavers and Joseph Condition in the Study of Flow through Composite Porous Layers

[4].
[5].
[6].

[7].
(8l.

(9.

[10].
[11].
[12].
[13].
[14].
[15].

[16].

Neale, G. and Nader, W. (1974 ) “Practical Significance of Brinkman Extension of Darcy’s Law: Coupled Parallel Flows Within a
Channel and a Bounding Porous Medium”, Canadian Journal of Chemical Engineering,Vol. 52, , pp. 475-478.

Rudraiah, N. (1986) “Flow Past Porous Layers and their Stability”, in Encyclopedia of Fluid Mechanics, Slurry Flow Technology,
Vol. 8, , pp. 567-647. (N. P. Cheremisinoff, Ed., Houston, Texas: Gulf Publishing).

Nield, D.A. (1991) “The Limitations of Brinkman-Forchheimer Equation in Modeling Flow in a Saturated Porous Medium and at an
Interface”, International Journal of Heat and Fluid Flow, Vol. 12, pp. 269-272.

Nield, D.A. and Bejan, A. (2006) “Convection in Porous Media”, 3" ed. Springer.

Nield, D.A. (1983) “The Boundary Correction for the Rayleigh-Darcy Problem: Limitations of the Brinkman Equation”, Journal of
Fluid Mechanics, Vol. 128, pp. 37-46.

Sahraoui, M. and Kaviany, M. (1992) “Slip and No-slip Velocity Boundary Conditions at Interface of Porous, Plain Media”,
International Journal of Heat and Mass Transfer, Vol. 35, pp. 927-944.

Alazmi, B. and Vafai, K. (2001) “Analysis of Fluid Flow and Heat Transfer Interfacial Conditions Between a Porous Medium and a
Fluid Layer”, International Journal of Heat and Mass Transfer, VVol. 44, pp. 1735-1749.

Saffman, P.G. (1971) “On the Boundary Condition at the Interface of a Porous Medium”, Studies in Applied Mathematics, Vol. 1,
pp. 93-101.

Jager, W. and Mikeli’c, A. (2000) “On the Interface Boundary Condition of Beavers, Joseph, and Saffman”, SIAM Journal of Applied
Mathematics, Vol. 60, pp. 1111-1127.

Jamet, D. and Chandesris, M. (2006) “Boundary Conditions at a Planar Fluid-Porous Interface for a Poiseuille Flow”, International
Journal of Heat and Mass Transfer, Vol. 49, pp. 2137-2150.

Jamet, D. and Chandesris, M. (2007) “Boundary Conditions at a Fluid-Porous Interface: An a priori Estimation of the Stress Jump
Coefficients”, International Journal of Heat and Mass Transfer, Vol. 50, pp. 3422-3436.

Lyubimova,T. P., Lyubimov,D. V., Baydina, D. T., Kolchanova E. A. and Tsiberkin, K. B. (2016) “Instability of Plane-Parallel Flow
of Incompressible Liquid over a Saturated Porous Medium”, Physical Review E,Vol. 94, pp. 1-12.

Abu Zaytoon, M.S. and Hamdan, M.H. (2017) “A Note on the Beavers and Joseph Condition for Flow over a Forchheimer Porous
Layer”, Int. Journal of Research in Engineering and Science,Vol. 5 # 3,pp. 13-20.

WWW.ijres.org 37 | Page



